We use the Cosmic Microwave Background (CMB) anisotropy data from Planck to constrain the spatial fluctuations of the fine-structure constant α. Through Thompson scattering of CMB photons, spatial anisotropies of α lead to higher-order correlations in the CMB anisotropies. We use a quadratic estimator based on the four-point correlation function of the CMB temperature anisotropy to extract the angular power spectrum of the spatial variation of the fine-structure constant projected along the line of sight at the last scattering surface. At tens of degree angular scales and above, we constrain the rms fluctuations of the fine structure constant to be δα/α0 = (1.34 ± 5.82) × 10 −2 at the 95% confidence level with respect to the standard value α0. We find no evidence for a spatially varying α at a redshift of 10 3 .
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One of the key questions of modern physics concerns the possibility that physical constants vary across space and time in the history of the universe. One possible variation that has received recent attention is that of the fine structure constant, α. The standard value of α from measurements of the electron magnetic moment anomaly is α 0 = 1/137.035999074(44) [1] , however there have been reports of statistically significant variations in this constant from high redshifts in quasar absorption line systems (δα/α 0 = (−0.72 ± 0.18) × 10 −5 [2, 3] ), though others find such variations to be insignificant (δα/α 0 = (−0.6 ± 0.6) × 10 −6 [4, 5] ).
The Cosmic Microwave Background (CMB) temperature anisotropies are now known to be a sensitive probe of the fine structure constant given Thompson scattering of CMB photons [6] . The CMB data has thus been extensively used already to constrain the mean value of α at the last scattering surface and to search for any time variation of α between a redshift of 10 3 and today [6] [7] [8] [9] [10] [11] [12] . Such searches are motivated by the theoretical models that predict the possibility that fine-structure constant may vary with time. Such models range from higher dimensional Kaluza-Klein theories (see [13] for a review) to long-range forces coupling a scalar axion to photons [14] , e-Brane cosmology [15] , and varying-e (electron charge) models [16] . A time-variation of α, naturally, also implies spatial variations or anisotropies of α from one region of the universe to another. Independent studies of quasar absorption lines using the Keck telescope [17] and the UVES (Ultraviolet and Visual Echelle Spectrograph) on the VLT (Very Large Telescope) have detected a nonzero spatial variation of α in the form of a dipole with a statistical significance of 4.2σ [18] . If this is the case, theoretical models also suggest that spatial fluctuations must exist in higher orders of α and not just in the form * jobryan@uci.edu † jsmidt@uci.edu ‡ fdeberna@uci.edu § acooray@uci.edu of a dipole.
Here we use the trispectrum [19] of the recent Planck CMB data [20] to constrain the spatial dependence of the fine structure constant at the last scattering surface. Following the early works of Ref. [21] that predicted spatial fluctuations of α, we make use of a revised all-sky estimator based on the four-point correlation function of CMB maps.
In the standard cosmological scenario, the frequency of oscillations in the primordial photon-baryon plasma imprinted on the CMB power spectrum depend on a visibility function that describes the probability density for a photon to last scatter at redshift z. This visibility function is a function of the fine-structure constant since α determines the fraction of free electrons as a function of time. Therefore, α is a key parameter of the the ionization history through the Thomson scattering processes. function, which in turn affect the shape and position of the peaks of the CMB angular power spectrum.
To calculate the observable effects of a spatially dependent α on the CMB temperature map we follow an approach similar to Ref. [21] . We first perform a spherical harmonics expansion of the temperature field θ:
where the Y m are the spherical harmonics functions and the two integrals I and J are given by
respectively.
It can be shown that, retaining first-order corrections, no variations are present in the two-point (power spectrum) or three-point (bispectrum) correlation functions. We thus focus on the effects on the four-point correlation function (trispectrum).
The Fourier counterpart of the four-point correlation function can be written as the sum of the Gaussian component and the connected term as follows l1m1 a l2m2 a l3m3 a l4m4 G + a l1m1 a l2m2 a l3m3 a l4m4 c , where the a m are the coefficients of the spherical harmonic expansion. The connected term of the Fourier transform, that is, the term remaining after the Gaussian component is subtracted in Eq. 5, represent the trispectrum. The Gaussian and connected pieces can be expanded as
where the quantities in parentheses are the Wigner-3j symbols. The two functions G l3l4 l1l2 (L) and T l3l4 l1l2 (L) for the Gaussian and connected components, respectively, can be calculated analytically. Proceeding from the expansion Eq. 1, after some tedious but straightforward algebra, we arrive at
and
where
In these calculations, we used a modified version of camb [22] to calculate the angular cross-correlation functions C θ,∂θ . Figure 1 shows the derivative power spectra C θ∂ 2 θ , C ∂θ,∂θ , and C ∂θ∂θ .
For simplicity we rewrite the trispectrum using the ansatz
where the functions α , β , γ , δ are given in Table I . Analogously to Ref. [23] , the analytical and data trispec- The value of C αα is consistent with zero at 2σ for < 5 and at 1σ for the higher multipoles for noise removed maps. The inset shows the low-multipoles range without binning to highlight the fluctuations. We show two sets of measurements here using the Planck SMICA map (blue) and the noise-removed SMICA map (red). The detections at > 600 is a result of the noise bias and is removed when using the noise-removed SMICA map. We find no statistically significant detection of α spatial anisotropies once accounting for noise and other instrumental effects in Planck data. tra estimator can be written as
,ana = 1 (2 + 1)
The functions in square parenthesis in (13) are:
where b is the beam transfer function, a m are the Fourier coefficients for the data,C contains noise, beam, and masking effects, and α , β , γ , δ are listed in Table  I . We calculateC with a modified version of camb. The analytical forms of the Gaussian and connected estimators are respectively
where Eq. 17 is obtained by subtracting Eq. 16 from Eq. 13. The estimators shown in the previous sections must be corrected for the effects of instrumental noise, beam and masking. In general the effect of the beam and the instrumental noise is to reduce the signal-to-noise ratio for the trispectrum estimator, while the masking introduces cut-sky mode-coupling effects that must be corrected for from the final power spectrum of α. To account for realistic observational and instrumental effects we need to add a beam modified factor to our power spectrum as follows
where the beam function b encodes the resolution limit of the instrument and N is the noise power spectrum. The noise power spectrum for Planck was obtained from the publicly available SMICA [24] noise map. In addition to beam and noise effects, corrections to the power spectrum must also be made to account for the masking of the Galactic plane and point sources, among others, with the mask W (n). In Ref. [25] it has been shown that the measured power spectrum based on masked data can be corrected to obtained the unmaksed power spectrum asC
where M is defined by
when W is the power spectrum of the mask W (n).
In order to obtain K (2,2)
,conn , we created Gaussian sim-ulations using the publicly available healpix software [26] and applying Eq. 16 where a m are obtained from Gaussian realizations of the Planck map. We then subtracted these simulations from the full trispectrum estimator K (2, 2) ,data (Eq. 13) to obtain only the connected term. The full estimator and Gaussian piece are shown in Figure 2 . After calculating K (2, 2) ,ana (Eq. 17 with C αα set to 1), we estimated the power spectrum C αα by taking the ratio of the connected piece of the estimator from CMB data to the analytical connected piece. We obtain hence a C αα ,sim for each of the gaussian simulations. The final C αα an its error bars are obtained averaging over all the C αα ,sim . Figure 3 shows the angular power spectrum for spatial variations of α, C αα . As it can be seen in Figure 3 the measured C αα is consistent with zero, showing no evidence for spatial variations of α when projected at the last scattering surface at a redshift of 10 3 . The most significant fluctuations are observed for the very low multipoles ( < 5). However the value of C αα is always consistent with zero at the 2σ confidence level. We repeated the analysis described above removing the noise map from the original CMB map in order to show possible biasing effects due to the noise. The results are shown in Figure 3 and we find that the noise bias is not affecting substantially the analysis. Assuming C αα is a constant independent of the reduced χ 2 fit of these two sets of data are 1.55 (SMICA) and 0.508 (SMICA, noise removed).
From the measured C αα , we obtain the variance on α as
yielding 1σ values of δα/α 0 = (0.668 ± 2.91) × 10 −2 and (0.379 ± 2.91) × 10 −2 for SMICA and SMICA with noise removed, respectively, over the range of 2 < < 20, corresponding to tens of degree angular scales and above. We find no evidence for a spatial variation of α at the quadrupole (ell = 2) level and above at z = 10 3 . At redshifts probed by the galactic absorption line systems, a claim for a dipole variation of α exist at the 4 to 5 σ level with a fluctuation amplitude of 0.97 ± 0.22 × 10 −5 . The CMB measurements currently are three orders of magnitude worse than the capability of absorption line systems, but, has the ability to probe fluctuations over a wide range of angular scales. The CMB measurement we report here, unfortunately, is not sensitive to a dipole variation in α and thus we cannot test the existing result from absorption line studies. Moreover, CMB probes the fluctuations at the last scattering surface at z ∼ 10 3 significantly higher in redshift than absorption line systems. It could be that α is evolving and the measurements at two epochs cannot be easily combined without an underlying model.
